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Abstract—In this paper, we present a conflict-free routing
scheme for a class of parallel and distributed computing systems.
The core of the proposed routing scheme is a quadtree communi-
cation structure. The quadtree structure suggests a general
approach to mapping a class of parallel algorithms with intensive
communication requirements for selecting data from many
different sources and distributing data from a single source. By
properly merging messages and efficiently replicating data, the
quadtree structure can complete required communications in
O(logs M) parallel steps, where M is the network size. We also
consider contraction and stretch of the quadtree structure, while
retaining its conflict-free property. Contracted and stretched tree
structures allow us to adaptively balance off computation and
communication requirements for various parallel algorithms.

Index Terms—Interprocessor communication, multistage in-
terconnection networks, network contentions, network routing,
parallel algorithms.

1. INTRODUCTION

ELECTING data from different sources and distributing

data to various destinations are two essential operations in
many parallel and distributed computations. Matrix inversion
with pivots [1] and linear programming algorithms with
simplex method [2] are two typical examples which heavily
make use of the two operations: pivot elements are iteratively
selected from and transmitted to many data elements. These
two operations are intrinsically communication intensive
especially in a shared-memory multiprocessor environment. In
this paper, we present an efficient, conflict-free routing
scheme for fast data selection and distribution on a class of
multistage interconnection networks (MIN’s).

It is widely known that the MIN offers better throughput and
flexibility yet with less hardware complexity when used for
large-scale parallel and distributed computing systems. Wu
and Feng [3] have shown that the topological equivalence of a
class of multistage interconnection networks, which include
data manipulator [4], baseline [3], omega [5], Flip [6], SW-
banyan (s = f = 2) [7], indirect binary n-cube [8], and
shuffle exchange network [9]. The MIN has been widely used
as an interconnection scheme in multiprocessor systems.
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Examples include BBN Butterfly Parallel Processor [10],
STARAN [11], IBM RP3 [12], NYU Ultracomputer [13],
PASM [14], etc. Many multiprocessor systems use a network
constructed with 2 X 2 switching elements to interconnect
processor nodes. However, the advent of VLSI technology
now makes it possible to implement single-chip switching
elements of larger size. This becomes the current trend and
promises better performance and more flexible permuting
capability [15], [16]. As an example, the BBN Butterfly
Parallel Processor uses 4 X 4 switching elements in the
communication network. Our proposed routing scheme is
primarily designed for MIN’s with 4 X 4 switches. However,
it can be applied to networks with different sizes of switching
elements, such as 2 X 2, 8 X 8, etc.

Contentions in the MIN, if not carefully controlled, may
cause serious interprocessor communication delay and conse-
quently degrade the system performance. There are two major
factors that contribute to interprocessor communication delay
in the MIN-based multiprocessor system. These two factors
are 1) contentions for shared memories and 2) conflicts in
communication links. Performance analysis of the Butterfly
Parallel Processor has been presented in [17] and [18]. These
studies point out that if contention problems in shared
memories and communication links become dominant, the
speedup curve levels off rapidly as more processors are added.
LeBlanc also examines the effect of memory and switch
contention by adding extra memories and extra switches in the
system network [19]. He concludes that an implementation
based on very efficient communication (e.g., shared memory)
may perform worse than that based on a less efficient
mechanism (e.g., distributed memory), if the former imple-
mentation has too much communication overhead due to
memory and switch contention. Hence, reduction of the
network contentions is a critical consideration for achieving
high performance in the MIN-based multiprocessor environ-
ment.

In this paper, we propose a conflict-free routing scheme for
reducing the two contention problems to the minimum. The
proposed scheme does not require hardware augmentation in
communication networks. Contention costs both for shared
memories and communication links can be effectively mini-
mized by using the conflict-free routing scheme. The routing
scheme relies on the construction of a quadtree structure on the
MIN. The quadtree structure can be, at will, contracted and
stretched to suit the needs of various parallel algorithm
applications, while its conflict-free property is still retained.
The proposed routing scheme is distributed in nature; it allows
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data messages to be disseminated or combined under distrib-
uted control.

The rest of this paper is organized as follows. In Section II,
we introduce the configuration and routing of a class of
MIN’s. In Section III, the conflict-free routing scheme is
presented. Procedures of constructing communication struc-
tures for conflict-free routing are described. In Section IV,
methods for contracting and stretching the quadtree structure
are presented. The effectiveness of the quadtree communica-
tion structure is analyzed in Section V. Section VI gives a
concluding remark.

II. NETWORK CHARACTERISTICS AND ROUTING
A. Network Characteristics

A multistage interconnection network consists of stages of
switching elements and communication links arranged in
certain permutation patterns. The size of switching elements is
generally 27 x 27, where 7 is a positive integer. The class of
networks with 2™ inputs and 2" outputs, where 7 is a multiple
of n, have the following characteristics:

1) number of stages = (m/n) + 1;

2) number of switching elements in each stage (except the
last stage) = 27",

3) total number of switching elements = (m/n) X 27"

4) regular, symmetric permutation between adjacent stages.

The stages are numbered from i = 0 to m/n. Let M = 2"
represent the number of processors. The network has an
advantage that the total number of switching elements is O(M
log M). The two major network parameters m and n are
hereafter referred to as network dimension and switch
dimension, respectively. In the subsequent sections, we
choose the baseline network as the primary network to proceed
the discussion, because of its universality that it is topologi-
cally equivalent to many other multistage interconnection
networks. The BBN Butterfly switching network, shown in
Fig. 1, is a typical example of the baseline network that uses 4
x 4 switches in the implementation. The network inputs and
outputs are connected to an array of processor nodes. The
nodes are renamed using a radix-2" bit reversal scheme so that
each of them is labeled with an m-bit binary address

a’l-l o aOa2n71 T aﬂ e a”l*l e a"‘I*rl
where @,,_@,-2 "+ @ @ is the binary representation of its
physical position. For instance, in a baseline network of m =
4 and n = 2, the processor nodes with consecutively physical
positions are labeled 0000, 0100, 1000, 1100, 0001, 0101,
etc. as shown in Fig. 1.

The m-bit binary number consists of m/n digits. Each-digit
is composed of n binary bits. For example, consider m = 6
and n = 2. There are three digits in the 6-bit binary number,
and each digit consists of two binary bits. In the baseline
network, establishment of a path S — D from the source (S)
to the destination (D) can be accomplished through a self-
routing scheme. We simply use the binary address of D as a
routing tag to direct the connection. Let S = 8§, 1Sy 2 * -
5150 and D = dy,_d,_, -+ didy. Along the path to be
established, every n binary bits (or every digit)
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Fig. 1. A baseline network of m = 4, n = 2 and its routing scheme.

Y

it 1= )i s (n=2) dpi1dy; determine the setting of a
switching element at stage i, where 0 < / < m/n. Starting at
the first stage, we set the first switch to which S is connected to
the (d,_d,_, -+ didy)th output port. We continue in this
manner, switching on the (dyit (- 1)@nivn-2) *** dniv 1dni)th
output port at each stage / until the destination is reached.

B. Detection of Connection Conflicts

The routing scheme, described in the previous subsection,
allows us to rapidly establish individual connections by
examining their destination addresses. However, simultaneous
connections through the MIN may result in conflicts.

Definition: A connection conflict is a situation where two
paths with different sources and destinations attempt to use the
same communication links at certain stages at the same time.

A connection conflict implies potential message collisions at
a certain communication link while two messages are simulta-
neously transmitted along the two paths. On the other hand,
two paths are said to be conflict free if communication links
traversed by the two paths are completely disjoint. It is
worthwhile investigating the necessary and sufficient condi-
tion for ensuring conflict-free mappings of a collection of
paths. First, let us define a function ¢.

Definition: Let X and U be two m-bit binary numbers. ¢
(X, U) is equal to n X (the maximum number of identical
low-order digits of X and U).

For example, if we consider m = 6, n = 2, and X = 00
01 10, U = 10 01 10, then the maximum number of identical
low-order digits equals 2. We have (X, U) = n X 2 = 4.
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Theorem I: In the baseline network of size 2™, two paths X
= Yand U — V, where X # Uand Y # V, are conflict free
if and only if

o(X, U)+o(Y,V)<m.

Proof: The theorem is in fact a variation of a theorem in
[20]. Its proof is omitted here. O
Notice that a necessary condition for conflict free is that the
two paths must be established from two different sources to
two different destinations. If two paths share a source node or
a destination node, it is not considered a connection conflict.
Theorem 1 indicates that the conflict-free property is deter-
mined by the network dimension m and is independent of the
switch dimension #. In other words, the property is applicable
to the baseline networks with different sizes of switches. The
theorem also provides an efficient way of detecting connection
conflicts; it allows us to check whether or not two paths have
conflicts simply by examining the binary representations of the
source and destination nodes. For example, consider a
network of m = 4 and n = 2 as shown in Fig. 1. Suppose X
= 0011, Y = 10000, U = 0111, and V = 1101. The two
paths X = Y and U — V are conflict free, since ¢ (X, U) +
o(Y,V)=2<m.

III. THe CoNFLICT-FREE ROUTING SCHEME

The purpose of this section is to present a conflict-free
routing scheme for constructing the quadtree communication
structure on the baseline network. The quadtree structure
provides an efficient means of accomplishing fast data search
and distribution. We begin with introducing two basic func-
tions which are needed for constructing the quadtree structure.

A. Two Functions and their Properties

Two bit-manipulation functions are introduced in this
subsection. Throughout our discussion, unless specified other-
wise, by a number we mean an m-bit binary number. The first
function is a bit-reverse permutation, which is formally
defined as follows.

Definition: For a number X = X, \Xu_2 *** X1Xp, p is 2
bit-reverse function which maps X in such a way that

p(X)=XoX; *** Xm—2Xm-1.

For example, consider m = 8 and X = 10110100. We
have p(X) = 00101101. The underline indicates those bits
reversed by the function. p offers a valuable means of
achieving conflict-free connections. This is formally described
by the following theorem.

Theorem 2: Suppose that U and V are two different binary
numbers. Then U — p(U) and V — p( V') are conflict free in
the baseline network.

Proof: Let U = uUpy_(Upy_y *"- Ugand V = v, vyy_2a

- vp. Since U # V, wehave o(U, V) = kforO0 < k< m
— 1. Thus, ¢(p(U),o( V)) < m — k. As a result, we have

e(U, V)+o(p(U), p(V))<m.

Consequently, U = p(U)and V — p(V') are conflict free. ]
For example, consider m = 6, n = 2, U = 01 10 11, and
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V = 1110 11. We have p(U) = 110110 and p(V) =
110111. The two paths U = p(U)and V — p (V') are conflict
free, since (U, V) + o(p(U), p(V)) = 4 < m.

The second function is used to modify a binary number with
a double ring-tail pattern described as follows.

Definition: For a number X = X, _1X,_5 *** Xp, 79, where

0 < h < g=<m— 1, is a mapping that
m-g—1 g—h-1 h
—_ - — ——
TE(X)=1"-10x, "X, 01:+-1,

In the special case that m is an odd numberand 4 = g = (m—
1)/2, the above expression becomes

h h

#(X)=1---101---1.

For example, consider m = 8 and X = 01101100. We
have 7§ (X') = 10101011. Note that in the above example,
underlined bits remain unchanged. Incase m = 7and h = g
= 3, we have 73 (X) = 1110111. To facilitate the
presentation, we assume m is a positive even number in the
following discussion. Next, we will show that the double
ring-tail function, in combination with the bit-reverse func-
tion, can help us identify a class of conflict-free paths in the
baseline network. This is illustrated by the following two
theorems. For ease of presentation, we assume 7™ (U) =U.

Theorem 3: Suppose U and V are two different binary
numbers. 7'""’“(p(U)) # 177" Y p(V)), where 0 < h <
(m/2) —1. Then 7" (U)—>7’" h=Yp(U)) and 7" 1(V)
= Tl (V) are conflict free.

Proof: Provided 777"~ (p(U)) # 77"~"~1(p(V)), they
must disagree at least in one bit position £, where & + 1 < k
=m — h — 2. Thus, o (77 "1 (p(U)), A (p(V)))
=< k. By Theorem 2,

(U, M=ep(ry= - Y(U), iy~ 1(V))

=e(p(ry "~ (p(U))), p(r ==Y p(V)))
<m-k.

Consequently,

o(U, VY+o(r 5 1(p(U)),

For example, consider m = 6, n = 2, U = 11 11 01, and
V = 1011 01. In case that # = 0, we have 7% (U) =
16_](V) =V, Tf)(p(V)) = 001110, and Tf)(p(V)) = 001100.
The two paths 76 ,(U) — 75 (o(U)) and 76 (V) — 73
(o(V')) are conflict free, since (U, V) + gp(TO(p(U)),

(V) = 4 < m.

Theorem 4: Suppose U and V are two different numbers,
M U) # 77 #(V) and 757~ —lpU)) + Ty e (V).
Then 7% "(U) - ke g (o(U)) and ‘r”' V) -
TyE" l(p(V)), where0 < h < g < (m/2) — 1 are conflict
free

Proof: We need to consider two cases.
HhA=0.

By the definition of 7, we have that the Oth bits of 76""
(p(U)) and 7775 !(o(V')) are 0 and 1, respectively.

(V) <m. O



LIN ef al.: CONFLICT-FREE ROUTING SCHEME
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: Connections at tree level h=0.
R : Connections at tree level h=1.
The necessary condition of confiict-free: XU and Y4V.
Fig. 2. A quadtree of two tree levels by the Basic Procedure.

Hence, (77" (o(U)), r;”*g*‘ (e(V))) = 0. Since U
% V, (U, V) < m. As a result, we have

(U, M) +e(rg = (p(U)), 77 oY) <m.

2)h # 0.
Because h < g, we must have that (7~ "(U), 77 ~£(V))
< h — land w(r;,"’h’l wU), Tg"*g‘l (0(V))) < h. Since

h< (m/2) — 1,
P(r i (U), T E (V)
+o(rph=1(pU)), 7 p (V) <m.
0

For example, consider m = 6, n = 2, U = 11 11 00, and
V = 011100. In case that g = 1 and & = 0, we have
™ (U) = U, ) =V, mi(p(U)) = 001110, and 4
(o(V)) = 101101. The two paths 7¢ (U) = r3(p(U)) and
(V) = 1i(V)) are conflict free, since (7% ,(U),
(V) + e(r3e(U), 1He(V)) = 4 < m.

B. Quadtree Graphs

The proposed routing scheme relies on the construction of a
communication structure, called quadtree. A quadtree is a

hierarchical structure in which each parent node is connected
to four descendents. In this subsection, first we present a Basic
Procedure for constructing such a structure with conflict-free
paths on the baseline network.
Basic Procedure:

Step 1: let R® = {S|0 = S =27 - 1};

Step 2: h = 0, for every S € RO, establish S —
T (o (S)):
let R"+!1 = {7 "=1(p(S))|S € R}
h = h + 1, for every S € R*, establish § —
7R (S));

Step 5: if & < (m/2) — 1, then repeat steps 3 and 4.0

Fig. 2 gives an example of a quadtree achieved by using the

procedure on the baseline network with 4 X 4 switches (m =
4 and n = 2). Note that the Basic Procedure can be applied to
the baseline networks with different sizes of switches. Fig. 3
shows the mapping of the same quadtree structure on a
baseline network with 2 x 2 switches (m = 4 and n = 1).
Directed edges in Fig. 2 indicate source nodes and destination
nodes of the paths to be established in the network. As can be
seen, a quadtree constructed in this manner contains m/2 tree
levels: the Ath level, 0 < A < (m/2) — 1, contains 4(m/2)

Step 3:
Step 4:
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Fig. 3. Mapping of the quadtree structure on a baseline network with 2 X 2
switches.

— K nodes. In addition, it roots at the processor node R = 2"
— 20m2) _ 2m/2-1 _ | In fact, a quadtree can root at an
arbitrary node through a proper transformation. This will be
shown in the next subsection. Before that we show that a
quadtree achieved by the Basic Procedure incurs no connec-
tion conflict in the network. We also show that if we reverse
all the connections of a quadtree structure, the resulting
quadtree incurs no conflict in the network.

Theorem 5: Suppose that X = Yand U = V, X # U and
Y # V, are two connections of a quadtree through the Basic
Procedure. Then X — Y and U — V are conflict free.
Furthermore, Y = X and V — U are conflict free.

Proof: We need to consider two cases.

1) X —» Yand U — V are located at the same level of
the quadtree. That X = Y and U — ¥ are conflict free has
been shown in Theorem 3.

2) X — Yand U — V are located at different levels of
the quadtree. That X = Y and U — V are conflict-free has
been shown in Theorem 4.

Now that X — Y and U — V are conflict free, by Theorem
1, we have (X, U) + o(Y, V) <m. Y = Xand V- U
are also conflict-free, since (Y, V) + o(X, U) < m. O

In summary, the Basic Procedure essentially defines the
hierarchy of the quadiree structure. It has been shown that
nodes of a quadtree structure can be connected in two different
directions, either parent-to-descendent or descendent-to-par-
ent. Both result in conflict-free mapping on the baseline
network.

C. Procedures for Ascending and Descending Messages

In this subsection, we present two formal procedures for
ascending and descending messages through the quadtree
structure. The two procedures are adapted from the Basic

Procedure for accomplishing conflict-free communication
through the network. The first procedure—Ascend Proce-
dure—is used to select (or combine) data from all processor
nodes and to store the result in the root node. Operations of
data selection are initiated at the terminal nodes. Intermediate
results are transferred toward the root through conflict-free
paths. The second procedure—Descend Procedure—is used to
transmit data, from the root node to all other processor nodes.
Operations are initiated at the root node. Then data messages
are propagated from high-level nodes to low-level nodes. We
will show that a quadtree achieved by the two procedures can
root at an arbitrary processor node R’, where 0 < R’ < 27
~ 1. We assume that Q = (2" — 22 — 2(m2-1 — 1) @
R’
Ascend Procedure:
Step 1: R® = {S|0 = S = 2" — 1};
Step2: h = 0, for every S € R, send data to its parent
node through S = 77"~ 1(p(S ® Q)) @ Q;

Step 3: let ®R**! = {77 " 1(p(S & Q)) © QlS €
®R*};
h =h + 1, for every S € ®R*, fetch data
transmitted from its four descendent nodes,
perform operations on the data, and transmit the
intermediate result to its parent node through S
— (S @ Q) @ Q;

Step 5: if A < (m/2) — 1, then repeat steps 3 and 4.0J

An example of a quadtree structure by the Ascend Proce-

dure is shown in Fig. 4. Note the correspondence of Exclusive
oR between the two quadtrees of Figs. 2 and 4. The binary
number in Fig. 4 can be obtained from that in Fig. 2 by
applying the Exclusive or operation with @ = 0001. We next
introduce the dual procedure for disseminating data messages
from the root node R’ to all other processor nodes of the
quadtree structure.

Step 4:
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Fig. 4. A searching quadtree with R’ = 1000, Q = 0001, and by the

Ascend Procedure.

Descend Procedure:
Step 1: h = (m/2) — 1,
Step 2: ®R* = {S|0 < S
Step 3: let R"~! = {r7
®R*};
for every S € ®”~!, fetch data transmitted from
its parent node (or prestored data in case of 4 =
(m/2) — 1), modify the data if necessary, and
pass them to its four descendent nodes through
associated paths S — D, where D €
{rf (X)X € &MY} and 77" 1(p(D e

=2m - 1};
P

(p(S ® Q) & Q|S €

{r

Step 4:

QNeQ = §;
Step 5: decrement A by 1; if A = 0, then repeat steps 3
and 4. 1

It can be seen that some of the nodes may be traversed twice
by a Descend Procedure; one occurs at a higher level 1 < & <
(m/2) — 1, and the other at the lowest level. For nodes of this
type, the second data transmission becomes redundant if a
Descend Procedure is used simply for broadcasting data. In
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Fig. 5. A distributed quadtree with R’ = 1000, Q = 0001, and by the
Descend Procedure.

case of this, the redundant transmission can be ignored. As an
example, Fig. 5 shows the use of a quadtree structure for
passing data from processor node 8 to all other nodes of a
system with 16 nodes.

Now, let us show that quadtree structures established by the
Ascend Procedure and the Descend Procedure result in no
connection conflicts in the baseline network.

Theorem 6. Suppose that X = Yand U —~ V, X # U and
Y # V, are two connections of a quadtree by the Ascend
Procedure or the Descend Procedure. Then X — Y and U —
V are conflict free.

Proof: let X’ — Y’ and U’ — V’ be the two
corresponding connections of X = Y and U — V of a
quadtree by the Ascend Procedure; thatis, X = X’ & Q, Y
=Y e Q U=U"o Q,and ¥V = V' @ Q. By Theorem
5, we have

(X', U)+e(Y', V)<m.
Since p(X’ ® Q, U’ ® Q) = o(X', U')and (Y’ & Q,
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Ve Q) = o(Y,

e(X, Uy+o(Y, V)<m.

V'), we have

On the other hand, it is straightforward to show, by Theorem
5, that X = Y and U — V are conflict free in case that both
are connections of a quadtree by the Descend Procedure. [J

Our discussion up to this point is under the restriction that m
has to be even. It requires certain modifications to make the
procedures fit the networks of odd dimension. However,
because of page limit, we will not describe these modifications
here.

IV. CONTRACTION AND STRETCH

The number of tree levels of a quadtree structure can be
varied. This section describes methods for contracting and
stretching the quadtree structure to suit needs of various
parallel algorithm applications.

A. Contraction of the Quadtree Structure

The tree contraction is used to fuse adjacent levels of the
quadtree structure. The resuiting structure contains fewer tree
levels, yet intermediate nodes are connected to more descend-
ent nodes. We will show that the connections of a contracted
tree structure still preserve the conflict-free property.

Suppose that £ denotes the number of descendent nodes at
each tree level (except the last one). In general, we assume £ is
a number of power of 2. Thus, we have

m
the number of tree levels = lrg.’

where d = log,§ and 2 < d < m is a dimension for the
function of double ring-tail 7. For example, d = 2 for the
quadtree structure. Let A, 0 < h < [m/d] — 1, be the
number of tree levels. Then the number of nodes adjacent to

the root R = 2m — 20D _ 20m/2-1 _ | gt tree level A =
[m/d] — 1is equal to

24, if m mod d=0;

2mmodd if m mod d+0.

The Ascend Procedure for the quadtree structure now can
be modified into a General Procedure. It can adjust the number
of tree levels by increasing the dimension d from 2 to m. Note
that in the General Procedure for tree contraction, p(k) and
q(h) are computed in the following manner:

1) if0 < h < [(m/d)] — 2, then g(h) = | (h+1)d/2]
—1,ph)y =m— (h+ 1)d + g(h) + 1;
2) ifh = [m/d] — 1, thenq(h) = (m/2) — 1,p(h) =
m/2.
General Procedure for Tree Contraction:
Step 1: let R? = {S|0 = S < 2" — 1};
Step 2: h = 0, for every S € RO, establish § —
T 6(S 8 Q) @ O
Step 3: let (R"” = {r2W (S @ Q) ® QIS € ®R"};
Stepd: h = h + 1, for every S € ®R*, establish § —
B((S ® Q) @ O;
if h < [(m/d)] — 1, then repeat steps 3 and
4. O

Step 5:
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An example of the contracted tree structure of two levels is
shown in Fig. 6 with m = 6 and Q = 000000. Note that
contraction of a quadtree structure should incur no connection
conflicts. This will be shown in Theorems 7 and 8.

B. Stretch of the Quadtree Structure

The counterpart of tree contraction is tree stretch. It is used
to reduce the number of descendent nodes at the cost of
increasing the number of tree levels. Here, we intend to stretch
the quadtree structure by using the double ring-tail function 7.
Without losing the conflict-free property, the first two tree
levels have the same number of descendent nodes as the
original quadtree structure. Let ¢ represent the number of
descendent nodes adjacent to each parent node and d = 1 in
case of the stretched tree structure. Then,

g=2%=4,
£=29=2,
Hence, the number of tree levels equals m — 2. As the
network dimension () increases, the number of levels of a
stretched tree structure approaches to m. The Ascend Proce-
dure can be modified by decreasing the dimension d from 2 to

1. Note that p(h) and g(h) are computed in the following
manner:

forO0<h=<l;
for l=shsm-3.

1) ifh = 0, then g(h) = [(h+1)/2], p(h) = m — h +
q(h) — 1;

2) ifl < h <m — 3,theng(h) = [(h+1)/2), p(h) = m
—h+ qh) - 2.

General Procedure for Tree Stretch:
Step 1: let R® = {S|0 <= S < 2" — 1};
Step 2: h = 0, for every S € ®RY, establish § —
h((S @ Q) ® O
Step 3: let(R"+l = {T”(”)(p(S ® Q) o Q|S € ®R"};
Stepd: h = h + 1, tor every S € ®R*, establish § —
06(S @ Q) @ O;
Step 5: if h < m — 3, then repeat steps 3 and 4. [
An example of the stretched tree structure of four levels is
shown in Fig. 7 with m = 6 and Q = 000000. We now prove
the conflict-free property of the contracted and the stretched
tree structures in Theorems 7 and 8, respectively.
Theorem 7: Suppose that U and V are two different
numbers located at the same level h. 72%)(o(U)) #

1"’]((2))(p(V)) where )0 < h < m — 3,ifd —ql(h or2)0 < h
<Tom/d)] - 1,if2 < d < m. Then U = 72#)(p(U)) and
| T"(’"(p( V') are conflict free.

Proof Since 2% ((U)) # T”"’)(p(V)), they must
disagree in the kth blt posmon where q(h) + 1<k =<p(h)
— 1. Thus, qa(T‘l’I((’;,))(p(U ), T8¢ (e(V'))) < k. By Theorem 2,

e(U, VYso(r2m(U), 120(V)

=o(p (120 (1)), p(7 55 (p(V))))
<m-k.

Consequently,

o(U, V) +o(rom(o(U)), Thm(p(V)) <m. O
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: tevel 0 (h=0) . level 1 (h=1)

]
000000
0co001
000010 ————P>
000011 —
100000 ——p 100000 ————p
100001
100010
100011 ———P>
010000
010001
010010
010011
110000 100010 ——m8 ———p
110001
110010
11001t
001000
0601001
001010
001011
101000
101001
101010
101011
011000
011001
011010
otiotl 100110
111000 ——Proaono—— —=
IIIUIJI—>/
111010

111011
110011
000100 —

000101

000110

000111 ——p

100100 101000

100101 —P

100110

100111

610100

610101

010110

010111

110100 101010 ————p
110101 —»

110110

110111

001100

001101

001110 —P

nunn—%
101100—»7101100——-»

{

100100 ———P>

VW

WA

101101 —P
101110 ——»
101111
011100 ———P>
011101

111101 ——P
111110 ——p
1

Fig. 6. A contracted tree structure of two tree levels.

Theorem 8: Suppose that U and V are two different 1) A = 0. By the definition of 7, we have that the Oth bits of

numbers located at the tree level A and g, respectively. Tzﬁgi(p(U )) and TZE?;([)(V)) are 0 and 1, respectively.
hWU)) # 178 (p(V)), where N0 < h < g < m — 3, Hence, o(r50(p(U)), 70EXp(V))) = 0. Since U # V,
ifd=1,0r2)0 < h< g=[(m/d)-1],if2 =d = m. ¢(U, V) < m. Therefore, we have

Then U — T‘;((’;l))(p( U))and V — T’(;(é))(p( V')) are conflict free.

Proof: We consider two cases. (U, V)+o(rho0(p(U)), 7S (p(V))<m.
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level 0 (h=0)

level 1 (h=1)
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Ll
000000
000001
100000 ——>——= 00000
100001 ——>P>
000010
000011 : >
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100011 ———P

010000
010001
110000 _—’700001
110001 ——»

010010
010011
110010
110011
000100
cooto1 —’\umuu
100100
100101
000110 —»

000111 ——P

100110 ———p———= 01100
100111
010100

010101 —P—
110100 ———»———= 001010 ’

110101
010110
010111 —P 01101
110110

1o ———»
001000
?g:gg; T———=00100——>
10100y —P
go1010 —P
001011 — P
101010
101011
011000

o11001 — P~
111000::7"""”
111001

011010

011011
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111011 ———»—
001100

001101 ——P—
101100—700"0

101101 —»
001110 ——>p
0011 ——P— T
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K

01001 0——P

4

N

%

i

&)

v

4

gto100—>»

N
\

101111
011100

/

111100 —m— ==
111101
o111 10——>

s ——= oo

1111 ] ————.

|

Fig. 7.

2) h # 0. Incase that 2 < d < m, we must have ¢(U, V)
< q(h) - Land p(r28(p(U)), T5E)p(V)) < q(h). Since
qg(h) < [m/d] - 1,

(U, V) +o(15m(o(U)), 708 (o(V)) <2q(h) - 1<m.

In case that d = 1, if 4 is odd, then p(h) + g(h) = m —

level 2 (h=2) level 3 (h=3)
s 11 1

100001

\

110011

Y

> 011100 —— N\ /
“”“0___7 101101 —>

OO —— , /

A stretched tree structure of four tree levels.

1. Since (U, V) = q(h) -
T";g))(p(V))) =< p(h), we have

1 and o(r23)((U)),

(U, V)+ (150 (p(U)), 758 (0(V)))
=ph)+q(h)—1<m.

If h is even, then p(h) + q(h) = m — 2. Since (U, V)
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< p(h) + 1 and o(r2®W(p(U)), 77 (V)) = q(h), we
have

o(U, V)+e(rm(p(U), 755 (p(V)
<sp(hy+qh)+1<m.

U

Theorems 7 and 8 show that the quadtree can be contracted

and stretched at one’s disposal, while its connections remain

conflict free. Since the conflict-free property is independent of

the switch dimension (), the contracted and stretched tree

structures can be mapped onto the baseline networks with
different sizes of switching elements.

V. ANALYSIS OF THE QUADTREE STRUCTURE

The two procedures presented in the preceding sections
allow us to adapt the quadtree structure in different ways. It is
of particular interest and importance to determine the optimal
adaptation for reducing the response time of combining and
distributing data messages. We attempt to find out the optimal
number of descendent nodes (£) of a quadtree structure such
that the overall algorithm execution time can be minimized.

Our analysis is based on the following assumptions. We
ignore the waiting time for resources. The execution time of
each processor node is the sum of its computation time and
communication time. We assume that a processor node is
engaged in only one interprocessor communication at a time.
A direct memory access, which requires only one-path
communication cost, is used for processor nodes to access the
remote memories. Provided no connection conflicts occur, the
time required for one remote memory access is (m/n) X pu,
where 7 is the switch dimension, m is the network dimension,
and p is a constant, We also assume that the time required for a
local memory access is so small that it can be neglected. Let
T.. be the execution time of parallel algorithms. Based on

para
Section IV and the assumption that 2 < d < m, we have

log, 2™
]-—-‘ =[log; 2.

the number of tree levels = (ﬁ“ =
log; &

d

Let & denote the number of remote memory accesses issued
by each processor. The grain size (G) is defined as the number
of arithmetic operations performed by each processor between
two remote memory accesses. The time needed for each
arithmetic computation unit is assumed to be 7. Thus, we have

m
Tpara= <Gt+ EJ) “Ogi 2m~|
n

61

/\,\A
+<Gt+£—m—“>+ +<Gt+$—mﬁ>.
n n

In the above equation, the first term represents the execution
time of the first message sent from descendent nodes to its
parent node. The last 6 — 1 terms represent the execution time
of the remaining & — 1 messages pipelined immediately after
the first message is transmitted to the next tree level. In the
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TABLE I
THE OPTIMAL NUMBER OF DESCENDENT NODES
£ |mw=0o|mW=-1|T=2|MW=3|T=-2a [T=
1024 (m=10)| 2.42 5.05 9.60 17.08 28.95 47.25
256(m=8) | 2.37 4.76 8.66 14.76 | 24.00 | 37.61
64 (m=6) 2.30 4.37 7.53 12.16 18.77 27.97
16(m=4) | 2.18 3.84 6.13 9.21 | 13.28 | 16.00

above expression, we observe that the computation time Teomp
and the communication time T, are

Tcomp = (Gf)DOge 2m"l + (6 - 1)(6[)1

and

Tcomm=<—£ﬂ> [log; 2™ ]+ (6~ 1) <Em—u> ,
n n

respectively. The ratio of Tcomp and Teomm is defined as .
Hence,

Teomp NGt
Teomm Emﬂ ’

An optimal value £ can minimize the total execution time so as
to achieve a higher algorithm performance. To determine the
optimal value £, we take the first order of differentiation of
Tpara With respect to £. By making the differentiation result
equal O, we have

(In £)? EmTP« (6-1D+(In2m) é—:ﬂ (n&(-1)

-Gt (In 2™)=0.

Since m = nGt/£my, the above equation can be reformulated
into

(In £)2(6—-1)+@n2™) (n £-1)—7 (In 27)=0.

The optimal number of descendent nodes (£) can be evaluated
by the Newton’s method for different computation/communi-
cation ratios (w) and for different network dimensions (m).
The results are shown in Table I and Fig. 8 for 6 = 2. In Fig.
8, we observe that the quadtree structure should be stretched
for parallel algorithms with smaller computation/communica-
tion ratios. On the other hand, for parallel algorithms with
larger computation/communication ratios, we need to contract
the quadtree structure to minimize the overall algorithm
execution time.

VI. CoNCLUSIONS

We have presented a conflict-free routing scheme for
efficient data search and distribution on a class of MIN-based
parallel and distributed computing systems. The heart of our
routing scheme is the quadtree communication structure. The
quadtree structure suggests a general approach to mapping
parallel algorithms that require intensive interprocessor com-
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Fig. 8. The optimal number of descendent nodes versus the computation/
communication ratios.

munication for selecting data from many different sources and
for disseminating data from a single source. We have shown
that while performing these two operations through the
quadtree structure, the two procedures—Ascend Procedure
and Descend Procedure—incur no communication link con-
flict. By properly merging messages and efficiently replicating
data, the quadtree structure can accomplish required commun-
jcations in O(log, M ) parallel steps, where M is the network
size.

We have shown that the size of a quadtree communication
structure can be contracted and stretched by adjusting the
number of descendent nodes. Contraction and stretch of the
quadtree structure do not affect its conflict-free property. We
have also presented the relationship between the computation/
communication ratio of various parallel algorithms and the
number of tree levels. Finally, we have examined their joint
effect on the response time of combining and distributing data
messages. This analysis helps us determine the optimal
adaptation of the quadtree for minimizing the overall al-
gorithm execution time.
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